The global topologies of inclusive three-and four-jet events produced in pp interactions are described. The three-and four-jet events are selected from data recorded by the D0 detector at the Fermilab Tevatron Collider operating at a center-of-mass energy of ͱsϭ1800 GeV. The measured, normalized distributions of various topological variables are compared with parton-level predictions of tree-level QCD calculations. The partonlevel QCD calculations are found to be in good agreement with the data. The studies also show that the topological distributions of the different subprocesses involving different numbers of quarks are very similar and reproduce the measured distributions well. The parton-shower Monte Carlo generators provide a less satisfactory description of the topologies of the three-and four-jet events. ͓S0556-2821͑96͒01611-6͔
INTRODUCTION
The Fermilab Tevatron Collider provides a unique opportunity to study the properties of strong interactions in pp collisions at short distances. The hard scattering is described by the theory of perturbative quantum chromodynamics ͑QCD͒ ͓1-3͔ and has been studied extensively in the last decade ͓4,5͔. Within the context of QCD, the hard process is described as a pointlike scattering between constituent partons ͑quarks and gluons͒ of protons and antiprotons. The scattering cross sections can be written in expansions in terms of powers of the strong coupling constant ␣ s convoluted with parton momentum distributions inside the nucleon. The lowest-order ␣ s 2 term corresponds to the production of two-parton final states. Terms of order ␣ s 3 and ␣ s 4 in the expansion imply the existence of three-and fourparton final states, respectively. Colored partons from the hard scattering evolve via soft quark and gluon radiation and hadronization processes to form observable colorless hadrons, which appear in the detector as localized energy deposits identified as jets. High-energy jets originating from partons in the initial hard scattering process are typically isolated from other collision products. They are expected to preserve the energy and direction of the initial partons, and therefore the topologies of the final jet system are assumed to be directly related to those of the initial parton system.
The cross section and angular distributions for two-jet events have been successfully compared with the predictions of QCD ͓5,6͔. A study of three-and four-jet events allows a test of the validity of the QCD calculations to higher order (␣ s 3 or beyond͒ and a probe of the underlying QCD dynamics. This paper explores the topological distributions of three-and four-jet events. The distributions provide sensitive tests of the QCD matrix element calculations. Topological distributions for the three-and four-jet events have been published previously by the UA1, UA2, and CDF Collaborations ͓7-10͔. However, all of these studies imposed requirements on the topological variables themselves, and therefore significantly reduced the phase space under study. For example, all previous studies excluded the forward region and imposed severe limits on the scaled energy variables. These requirements in effect excluded most of the events from the comparisons. This paper extends these studies to previously untested regions of phase space by removing those requirements and represents the most extensive tests of the topologies of the four-jet events. The measured distributions, without restrictions on the topological variables themselves, are compared with the QCD tree-level matrix element calculations. Unless otherwise specified, all distributions are normalized to unit area. The study shows that the QCD calculations reproduce the data well even in the phase space region unexamined by the previous studies. The predictions from simple phase-space matrix elements are shown as a comparison, and the distributions of QCD subprocesses involving different numbers of quarks are also examined. Finally, the data are compared with the predictions of three parton-shower event generators.
DEFINITION OF TOPOLOGICAL VARIABLES
The topological variables used in this paper are defined in the parton or jet center-of-mass system ͑c.m.s.͒. The definitions refer to partons and jets interchangeably. The partons are assumed to be massless and the jet masses are ignored by using the measured jet energies as the magnitudes of jet momenta.
The topological properties of the three-parton final state in the center-of-mass system can be described in terms of six variables. Three of the variables reflect partition of the c.m.s. energy among the three final-state partons. The other three variables define the spatial orientation of the planes containing the three partons. It is convenient to introduce the notation 1ϩ2→3ϩ4ϩ5 for the three-parton process. Here, numbers 1 and 2 refer to incoming partons while the numbers 3, 4, and 5 label the outgoing partons, ordered in descending c.m.s. energies, i.e., E 3 ϾE 4 ϾE 5 . The final state parton energy is an obvious choice for the topological variables for the three-parton final state. For simplicity, E i (iϭ3,4,5) is often replaced by the scaled variable x i ϭ 2sin jk sin 34 ϩsin 45 ϩsin 53 , ͑1͒
where i, j,kϭ3,4,5 and i j k. Clearly, the internal structure of the three-parton final state is completely determined by any two scaled parton energies. The angles that fix the event orientation can be chosen to be ͑1͒ the cosine 1 of the polar angle with respect to the beam (cos 3 *) of parton 3, ͑2͒ the azimuthal angle of parton 3 ( 3 *), and ͑3͒ the angle between the plane containing partons 1 and 3 and the plane containing partons 4 and 5 (*) defined by
where p ជ i is the parton momentum. Figure 1 illustrates the definition of the topological variables for the three-parton final state. For unpolarized beams ͑as at the Tevatron͒, the 3 * distribution is uniform. Therefore, only four independent kinematic variables are needed to describe the topological properties of the three-parton final state. In this paper, they are chosen to be x 3 , x 5 , cos 3 *, and *.
Another set of interesting variables is the scaled invariant mass of jet pairs:
͑3͒
where m i j is the invariant mass of partons i and j and i j is the opening angle between the two partons. The scaled invariant mass ( i j ) is sensitive to the scaled energies of the two partons, the angle between the two partons, and the correlations between these variables. Using dimensionless variables and making comparisons of normalized distributions minimizes the systematic errors due to detector resolution and jet energy scale uncertainty and therefore facilitates comparison between data and theoretical calculation. The four-parton final state is more complicated. Apart from the c.m.s. energy, eight independent parameters are needed to completely define a four-parton final state in its center-of-mass system. Two of these define the overall event orientation while the other six fix the internal structure of the four-parton system. In contrast to the three-parton final state, there is no simple relationship between the scaled parton energies and the opening angles between partons. Consequently, the choice of topological variables is less obvious in this case. In this paper, variables are defined in a way similar to those investigated for the three-parton final state. The four partons are ordered in descending c.m.s. energy and labeled from 3 to 6. The variables include the scaled energies (x i , iϭ3, . . . ,6), the cosines of polar angles (cos i * , iϭ3, . . . ,6) of the four jets, the cosines of the opening angles between partons (cos ij , i,jϭ3, . . . ,6, and i j), and the scaled masses ( i j ϭm i j /ͱŝ, i, jϭ3, . . . ,6 and i j) of parton pairs. In addition, two variables characterizing the orientation of event planes are investigated. One of the two variables is the ''Bengtsson-Zerwas'' angle ( BZ ) ͓11͔ defined as the angle between the plane containing the two leading jets and the plane containing the two nonleading jets:
The other variable is the cosine of the ''Nachtmann-Reiter'' angle (cos NR ) ͓12͔ defined as the angle between the momentum vector differences of the two leading jets and the two nonleading jets: Figure 2 illustrates the definitions of BZ and NR variables. Historically, BZ and cos NR were proposed for e ϩ e Ϫ collisions to study gluon self-coupling. Their interpretation in pp collisions is more complicated, but the variables can be used as a tool for studying the internal structure of the four-jet events.
THEORETICAL MODEL
The cross section for the production of the n-parton final state 1ϩ2→3ϩ•••ϩ(nϩ2), in pp collisions at a centerof-mass energy ͱs, is described by the expression
1 Unless otherwise specified, the absolute values of the cosines of polar angles are implied throughout this paper. where the sum runs over all possible (1ϩ2→n)-parton subprocesses. The functions f 1 l (x 1 ) and f 2 l (x 2 ) are the parton density functions of the incoming partons, ͉M l n ͉ 2 represents the matrix elements of the subprocess, and ⌽ n is the n-body phase space. Theoretically ͉M l n ͉ 2 is well behaved if calculated to all orders in the ␣ s expansion. At present, this calculation is technically not possible and one has to deal with truncated expansion. As a result, ͉M l n ͉ 2 diverges when the energy of any final state parton or the angle between any two partons approaches zero. The singularities in ͉M l n ͉ 2 cause poles in the topological distributions. In comparison, a phase-space model in which ͉M l n ͉ 2 ϰ1/ŝ nϪ2 , where ŝ ϭx 1 x 2 s, does not have singularities in the matrix element; therefore, the topology of the model is determined by the phase space ⌽ n . In this paper, the distributions from the phase-space model are used as references for the comparisons between the data and QCD.
Presently two approaches for modeling perturbative QCD for multijet production exist. The straightforward method is the matrix element method, in which Feynman diagrams are calculated order by order in ␣ s . Technical difficulties have limited the calculations to the tree level of the relevant processes. The exact tree-level matrix element calculation for the three-parton final state has been available for some time ͓13͔. The complete tree-level matrix element calculations for up to five final state partons have been recently calculated by Berends, Giele, and Kuijf ͑BGK͒ ͓14͔ using a Monte Carlo method. The other commonly used approximate calculations are those of Kunszt and Stirling ͑KS͒ ͓15͔ and of Maxwell ͓16͔. The perturbative QCD calculations have been incorporated into several partonic event generators. The exact treelevel matrix elements calculations for up to five jets are implemented in the NJETS ͓14͔ program. PAPAGENO ͓17͔ implements an exact matrix element calculation of tree-level contributions for final states with up to three partons and provides KS and Maxwell approximations for up to six partons. These approximations are used in part to speed up the calculations, in view of the complicated exact matrix elements. For the analysis described in this paper, the NJETS program is used to calculate QCD predictions while the PAPAGENO program is used as a cross-check and to calculate distributions from the phase-space model.
The second approach is based on the parton-shower scheme. In this method, the hard scattering begins with two initial outgoing partons. An arbitrary number of partons are then branched off from the two outgoing partons and the two incoming partons ͑backward evolution͒ to yield a description for multiparton production, with no explicit upper limit on the number of partons involved. The parton-shower picture is derived within the framework of the leading logarithmic approximation ͑LLA͒ ͓18͔. As a result of the approximation, the reliability of the parton shower is expected to decrease as parton multiplicity increases. Many parton-shower Monte Carlo event generators are available. In this paper, HERWIG 5.8 ͓19͔, ISAJET 7.13 ͓20͔, and PYTHIA 5.6 ͓21͔ are used.
DATA SAMPLE
The data used in this analysis were collected with the D0 detector during the 1992-1993 Tevatron run at a center-ofmass energy of 1800 GeV. The D0 detector consists of a central tracking system, a calorimeter, and muon chambers. Jets are measured in the calorimeter, which has a transverse segmentation of ⌬ϫ⌬ϭ0.1ϫ0.1. The jet energy resolution is typically 15% at E T ϭ50 GeV and 7% at E T ϭ150 GeV ͓22͔. The jet direction is measured with a resolution of approximately 0.05 in both and . With the hermetic and uniform rapidity coverage (Ϫ4.5ϽϽ4.5) of the calorimeter, the D0 detector is well suited for studying multijet physics. A detailed description of the D0 detector can be found elsewhere ͓23͔.
The events used in this study passed hardware ͑level 1͒ and software ͑level 2͒ energy-cluster-based triggers. In addition, a level 0 hardware trigger required that vertices along the beam line be within 10.5 cm of zϭ0. The level 1 trigger was based on energy deposited in calorimeter towers of size ⌬ϫ⌬ϭ0.2ϫ0.2. The events were required to have at least two such towers with transverse energy (E T ) above 7 GeV. The successful candidates were passed to the level 2 trigger, which summed transverse energies of calorimeter towers in a cone of radius R͓ϵ(⌬ 2 ϩ⌬ 2 ) 1/2 ͔ϭ0.7. The level 2 trigger selected those events with at least one such cone, built around the level 1 trigger tower, with transverse energy above 50 GeV. The total effective luminosity used in this analysis is 1.2 pb Ϫ1 . The trigger efficiency for events with at least one jet with E T Ͼ60 GeV is above 90% ͓31͔. A detailed description of the trigger can be found elsewhere ͓24͔.
The off-line reconstruction uses a fixed-cone jet algorithm with Rϭ0.7, similar to the algorithm used in the level 2 trigger. The jet reconstruction begins with seed calorimeter towers of size ⌬ϫ⌬ϭ0.1ϫ0.1 containing more than 1 GeV transverse energy. Towers are represented by massless four-momentum vectors with directions given by the tower positions and event vertices. The four-momenta of towers in the cone around the seed tower are summed to form the four-momentum vector of the jet. The jet direction is then recalculated using tower directions weighted by their transverse energies. The procedure is repeated until the jet axis converges. For two overlapping jets, if either jet shares more than 50% of its transverse energy with the other jet, the two jets are merged. Otherwise, they are split and the shared transverse energy is equally divided between the two jets. The final jet E T is the sum of the transverse energies of towers within the cone, while the jet direction is determined by the jet four-momentum vector (E,E x ,E y ,E z ), i.e., ϭcos
, and ϭϪlntan(/2). The jet energy scale has been calibrated using direct photon candidates by balancing jet E T against that of the photon candidate. The electromagnetic energy scale was determined by comparing the measured electron pair mass of Z→e ϩ e Ϫ events with the Z mass ͓25͔ measured by e ϩ e Ϫ experiments. The calibration takes into account the effects of out-of-cone particle showering using shower profiles from test beam data as well as the underlying event using events from minimum-bias triggers. Details can be found in Ref.
͓26͔.
After energy corrections, jets are required to have E T greater than 20 GeV and lie within a pseudorapidity range of Ϫ3.0 to 3.0. The pseudorapidity is calculated with respect to the event vertex determined from tracks measured by the central tracking detector. Jets passing the above criteria are ordered in decreasing E T . The E T of the leading jet must be greater than 60 GeV to reduce possible trigger bias and threshold effects.
Three-jet events are selected by further demanding that there be at least three jets. This leaves about 94 000 events in the sample. The separation ⌬R between jets is required to be greater than 1.4, which is twice the cone size used, to avoid systematic uncertainty associated with the merging or splitting of the cone jet algorithm. This requirement removes events with overlapping jets and therefore ensures good jet energy and direction measurements. Approximately 70% of the events pass this requirement. The invariant mass distribution of the three highest E T jets is shown in Fig. 3 . Also shown is the distribution from the exact tree-level calculations of perturbative QCD after the detector simulation described below. The overall agreement between the data and QCD distributions is good with the exception of the lowmass region, where the threshold and resolution effects are important. To reduce possible bias in this region, the invariant mass of the three leading jets is required to be above 200 GeV/c 2 . After all selection criteria, a sample of about 46 000 three-jet events remains. The surviving events are then transformed to the c.m.s. frame of the three leading jets. Any other jets in the event are ignored. The jets are reordered in descending energy in their c.m.s. system. The topological variables (x 3 , x 4 , cos 3 *, and *) are calculated. Unlike previous studies by other experiments, no requirements on these topological variables are imposed. If the topological requirements similar to those in Ref. ͓8͔ were imposed, the three-jet event sample would be reduced by more than a factor of 10.
Four-jet events are selected in a similar manner. Events are required to have at least four jets, which results in a data sample of 19 000 events. The ⌬R between any jet pair is required to be greater than 1.4, reducing the data sample to about 8400 events. To reduce potential bias at low mass while keeping most of the four-jet events, the minimum invariant mass of the leading four jets is kept at 200 GeV/c 2 . The mass distribution before this requirement is applied is shown in Fig. 3 . A total of 8100 events remains in the fourjet event sample. The four leading jets of the remaining events are boosted to their center-of-mass system, and are ordered in decreasing energy. Additional jets, if present, are ignored. The topological variables are calculated using the four boosted momentum vectors after ordering in decreasing energy. No requirements on the topological variables are imposed.
PREDICTIONS OF THEORETICAL MODELS
The partonic event generator NJETS is used to calculate the exact tree-level QCD distributions. The PAPAGENO program is used to calculate the distributions of the phase-space model and the KS approximation. Unless otherwise specified, the parton distribution function used in the calculations is MRS ͑ BCDMS fit͒ ͓27͔ for both NJETS and PAPAGENO. The QCD scale parameter is set to 200 MeV and the renormalization scales are set to the average transverse momentum of the outgoing partons for both matrix elements and parton distribution functions. The outgoing partons are analyzed as if they were observed jets and the selection criteria described above are applied to select three-and four-jet events.
To study the sensitivity to the choice of parton distribution function, the topological distributions of QCD calculations with different parton distribution functions are compared. For NJETS, the comparisons are made between MRS ͓27͔ and EHLQ ͓28͔ parton distribution functions. For PAPAGENO the parton distribution functions of MRS ͓27͔ and Morfin and Tung ͓29͔ are employed. Although the total three-and four-jet cross sections vary by as much as 30% for different parton distribution functions, the normalized topological distributions are found to be relatively insensitive to the choice. On average, the variation is about 4%.
As an example, the fractional difference in the NJETS calculations using the two different parton distribution functions is shown in Fig. 4͑a͒ as dashed line for the x 3 variable of the FIG. 3 . The mass distributions of the selected three-and four-jet events before the mass requirement. The QCD matrix element calculations are subjected to the detector simulation and are normalized to the number of events in the data.
three-jet events. The x 3 distribution from the NJETS calculations is shown in Fig. 5͑a͒ . Because of the unit area normalization of the distributions, the variations in different bins are correlated.
The dependences on the renormalization scale are investigated using the PAPAGENO program. The distributions for the renormalization scales of ͑1͒ the average transverse momentum, ͑2͒ one-half the average value of transverse momentum, and ͑3͒ the total transverse energy are compared. Despite large differences ͑as much as 60%͒ in the total production cross sections, the differences between normalized distributions are very small, typically less than 2%. Figure  4͑a͒ ͑dotted line͒ shows the bin-by-bin uncertainty of the x 3 distribution of the three-jet events due to the uncertainty in the renormalization scale parameter.
In the following comparison with the data, the variations in the QCD calculations using different normalization scale parameters and parton distribution functions are calculated on a bin-by-bin basis. The uncertainty in the QCD calculations is taken as the sum of these variations in quadrature.
Both NJETS and PAPAGENO incorporate tree-level calculations for three-and four-parton final states. The effect on the normalized distributions due to higher-order loop corrections is expected to be small in the phase-space region relevant to the analyses described in this paper ͓30͔. Although both Monte Carlo programs generate exclusive events, the three or four jets of the generated events predict the behavior of the leading three or four jets of an inclusive data sample ͓30͔. Therefore the data distributions based on the inclusive samples are compared with QCD calculations from exclusive final states in this paper.
UNCERTAINTIES OF THE MEASURED TOPOLOGICAL DISTRIBUTIONS
The measured distributions of topological variables are corrected for detector effects ͑trigger efficiency and detector acceptance and resolutions͒ and hadronization effects before they are compared with the parton-level QCD calculations. Most of these corrections and their uncertainties are minimized by normalizing the distributions to unit area and by selection requirements. In the following, residual uncertainties are discussed.
The nonuniformity of the detector acceptance and of the trigger efficiency in the topological variables and the detector energy resolution and angular resolution have direct effects on the measured distributions. These effects are estimated using a fast detector simulation program ͓31͔ which takes into account the detector energy and angular resolution and the trigger efficiency as functions of the pseudorapidity and the transverse energy of jets. The bin-by-bin correction FIG. 4 . The fractional variations of the x 3 variable of the threejet events for the different systematic sources discussed in the text for ͑a͒ the QCD calculations and ͑b͒ the data. The x 3 distribution is shown in Fig. 5͑a͒ for both the data and the QCD calculation. The variations in different bins are strongly correlated due to the fixed normalization of the distribution.
FIG. 5. The scaled energy distributions of ͑a͒ x 3 and ͑b͒ x 5 for three-jet events in their center-of-mass system. The statistical errors are represented by the inner error bars while the total errors ͑with the statistical and systematic errors added in quadrature͒ are represented by the outer error bars. All distributions are normalized to unit area. The bottom plot shows the fractional difference of the data from the exact tree-level QCD calculation. The dotted lines show the uncertainty of the QCD calculations estimated by varying the normalization scale parameter and using different parton distribution function in the calculations as discussed in the text. The bin-by-bin systematic variations of the x 3 variable for data and the QCD calculations are shown in Fig. 4 . The data are also listed in Table I. factors applied are flat within 5%. The uncertainties of the correction factors are estimated by varying the trigger efficiency and the detector resolutions within their errors. As an example, the bin-by-bin fractional variation of the x 3 distribution of the three-jet events due to the uncertainty of the detector corrections is shown in Fig. 4͑b͒ as a dotted line. The variations are very small (ϳ1%͒ and are correlated from bin to bin due to the normalization.
After corrections for the detector effects, the measured distributions are further corrected for hadronization effects which are determined using the HERWIG event generator. The parton-level distributions for three-and four-jet events are compared with the distributions at the particle level. Partons are defined as those quarks and gluons after the parton showering and before hadronization. The differences between the distributions before and after hadronization are found to be small, typically less than 4%. The uncertainties of the correction factors are investigated using the HERWIG and the PYTHIA event generators. The differences in the correction factors between the two event generators are assigned as systematic uncertainties. Figure 4͑b͒ ͑dot-dashed line͒ shows the bin-by-bin fractional uncertainty of the x 3 distribution of the three-jet events due to the uncertainty of the hadronization corrections. The uncertainties are less than 2% for most of the bins. Again, the bin-by-bin uncertainties are strongly correlated since the x 3 distribution is normalized to unit area.
Another systematic uncertainty of the measured distributions is the uncertainty of the jet energy scale. However, the topological variables have a weak dependence on the energy scale since only the scaled energies and directions of the jets are used. Nevertheless, the event selection criteria, such as E T and invariant mass requirements, are susceptible to the uncertainty in energy scale error. The possible distortion of the measured topological variables due to the uncertainty in the energy scale is studied by varying the energy calibration constants within their nominal errors which take into account the pseudorapidity-dependent systematic effect of the energy scale. The selection procedure described above is repeated for the events calibrated with these modified constants. On average, the variations in the measured topological variables are about 3%. The small variation is in part due to the fact that the topological distributions change slowly with the jet E T and the invariant mass of the jet system. The fractional variation in the x 3 distribution of the three-jet events due to the uncertainty in the jet energy scale is shown in Fig. 4͑b͒ as a dashed line.
In the following, the measured topological distributions after being corrected for detector and hadronization effects are compared with the QCD tree-level calculations at the parton level. The variations on the measured distributions due to the uncertainties of the correction factors and the uncertainty of the jet energy scale are calculated bin by bin. These variations are added in quadrature bin by bin and the sum is assigned as systematic uncertainty of the measurement for each bin. Finally, we note that changing the jet separation requirement ⌬R from 1.4 to 1.0 does not change the degree of agreement between the data and QCD calculations. Figure 5 and Table I show the measured x 3 and x 5 distributions for the final selection of three-jet events. The statistical errors are represented by the inner error bars while the outer error bars represent the statistical and bin-by-bin systematic errors added in quadrature. The three jets are labeled in order of decreasing energy in their c.m.s. frame. The average values of x 3 and x 5 are 0.88 and 0.39, respectively. The data are compared with the predicted distributions of the exact QCD tree-level calculations and the expectations from the phase-space model. The QCD calculations reproduce the measured distributions well for the entire range. Unlike the predictions of the phase-space model, the data heavily populate the high x 3 region and have significant contributions at low x 5 values, a characteristic of gluon radiation. The decrease in x 3 distributions at high x 3 values is due to the ⌬R requirement in the event selection. The bottom plot shows the fractional difference between the data and the QCD predictions with dotted lines indicating the uncertainty of the QCD predictions using different normalization scale parameters and different parton distribution functions discussed above. The bin-by-bin variations of the x 3 variable for both data and the QCD calculations from the different systematic sources discussed above are shown in Fig. 4 .
TOPOLOGIES OF THREE-JET EVENTS
The cos 3 * distribution is shown in Fig. 6͑a͒ . As in the angular distribution of two-jet events, an angular dependence characteristic of Rutherford t-channel scattering is unmistakable. The large angular coverage of the D0 calorimeter allows the analysis to cover the entire cos 3 * range, extending the study into a previously untested region of phase space. As is evident in the figure, the data are well reproduced by the predictions of the exact QCD tree-level calculations over the entire range of cos 3 *. The phase-space distribution is mostly flat with high-cos 3 * bins suppressed as a result of the pseudorapidity requirement in the event selection. The depletion in the data and the QCD calculations is compensated by a large cross section in this region and therefore is less visible. The measured * distribution is shown in Fig. 6͑b͒ together with the results of the exact QCD tree-level calculation and of the phase-space model. The phase-space distribution shows depletions at small and large * angles, an effect of the event selection. However, the data and the QCD distributions are enhanced in these regions because of initialstate radiation in which one of the two nonleading jets is close to the beam line. As in the case of the x 3 , x 5 , and cos 3 * distributions, the overall agreement between data and the QCD tree-level calculations is very good. The scaled mass distributions are sensitive to the jet energies, the opening angles between jets, and the correlations between these quantities. The measured 34 , 35 , and 45 distributions for the three-jet event sample are compared with the exact QCD predictions in Fig. 7 . The QCD predictions agree with the data well, while the differences between the data and the phase-space model are large. We also note that some systematic shift in 35 and 45 distributions is clearly visible. We note that the KS approximate QCD calculations are essentially identical to the exact tree-level QCD calculations for the topological variables studied above. This implies that the topological distributions are insensitive to the approximation made in the KS calculations. Finally, we also note that compared with an earlier study ͓8͔ of the topologies of the three-jet events, the cos 3 * region studied has been expanded from 0.8 to 1.0, the x 3 upper limit from 0.9 to 1.0, and the * range from 20°Ͻ*Ͻ160°to 0°р*р180°for a minimum three-jet invariant mass of 200 GeV/c 2 . The ex- The distributions for the three-jet events of ͑a͒ the cosine of the leading jet polar angle and ͑b͒ the angle * ͑defined in the text͒ in their center-of-mass system. The bottom plots show fractional differences between the data and QCD. The dotted lines represent the uncertainty of the QCD calculations described in the text. The data are also listed in Table II. tension of the phase space dramatically increases number of events under study since the cross section peaks strongly in these regions of phase space.
TOPOLOGIES OF FOUR-JET EVENTS
The four measured energy fractions of four-jet events are shown in Fig. 8 and also listed in Table IV , and ͑c͒ 45 for the three-jet events in their center-of-mass system. The bottom plots show fractional differences between the data and QCD. The dotted lines represent the uncertainty of the QCD calculations described in the text. The data are also listed in Table III. four variables. As in the three-jet case, the distributions from the phase-space model do not reproduce the data. The fractional differences between the data and QCD are very similar to those of the three-jet events and are not shown for simplicity.
The cosines of the four polar angles of the four-jet events in their center-of-mass system are compared with QCD calculations in Fig. 9 for the entire range. While the two leading jets tend to be in the forward region, the cosine distribution of the least energetic jet is essentially flat, because the jet separation requirement in the event selection favors events with other jets in the central region. Although small differences between the data and the QCD calculations are visible, the overall agreement is good. Despite the large differences between the data and the phase-space model in cos 3 * and TABLE IV. The measured jet energy fraction distributions for the four-jet events in their center-of-mass system. The errors include both statistical and systematic errors. Table IV. FIG. 9. The distributions of jet polar angle for the four-jet events in their center-of-mass system. The statistical and total errors are represented by the inner and outer error bars, respectively. The data are also listed in Table V. cos 4 * distributions, the differences in the other two distributions are relatively small.
The internal event structure can be further understood by examining the opening angles between jets. Figure 10 shows the distributions of the space angle between all possible jet pairs of the four-jet events in their center-of-mass system. While the two leading jets are mostly back to back, the angles between other jet pairs are distributed widely. The depletion in the regions where cos ij →1.0 is again due to the ⌬R requirement in the event selection. The structures of the data distributions are well described by the QCD predictions. Figure 11 shows the scaled mass distributions of jet pairs of the four-jet events for both data and the QCD calculations. The average scaled mass is 0.65 for the two leading jets and is 0.23 for the two nonleading jets. The QCD calculations agree with the data well. Distributions of the phase-space model are generally too narrow and fail to reproduce the data distributions. Figure 12 compares the measured BZ and cos NR distributions with the predictions of the exact tree-level QCD calculations as well as those from the phase-space model. The agreement between the data and QCD is generally good and the differences between the data and the phase-space model are large. Although the jet separation requirement in the event selection favors large BZ , the data and the QCD distributions have significant contributions in the small-BZ region, which corresponds to a planar topology of the four jets. In contrast, the phase-space distribution is highly suppressed in this region. The cos NR distributions for the data and QCD are essentially flat while the phase-space model peaks strongly as cos NR approaches zero.
For the four-jet events as was the case for the three-jet events, the normalized distributions from the KS approximate QCD calculations agree well with the data.
COMPARISON OF QCD SUBPROCESSES
At the parton level, five and six partons ͑including the two initial partons͒ are involved in the three-and four-jet processes, respectively. It is difficult, if not impossible, to label 10 . Distributions of the space angle between jet pairs for the four-jet events in their center-of-mass system. The statistical and total errors are represented by the inner and outer error bars, respectively. The data are also listed in Table VI. quark or gluon jets in the data. However, with Monte Carlo event generators, the three-jet cross section can be broken into three subprocesses involving different numbers of quarks among the initial-or final-state partons: ͑1͒ zeroquark, ͑2͒ two-quark, and ͑3͒ four-quark. The predicted fractional contributions by NJETS to the total three-jet cross section for the selection criteria described above are 32.9%, 50.8%, and 16.2% for zero-quark, two-quark, and four-quark subprocesses, respectively. Similarly, the four-jet process can be divided into ͑1͒ zero-quark ͑29.4%͒, ͑2͒ two-quark ͑49.6%͒, ͑3͒ four-quark ͑20.2%͒, and ͑4͒ six-quark ͑0.7%͒ subprocesses.
The studies described above show that the QCD calculations agree well with the data. It is therefore interesting to examine the topological distributions of these subprocesses. Figures 13͑a͒ and 13͑b͒ show the x 4 and cos 4 * distributions of the three-jet events and Figs. 13͑c͒ and 13͑d͒ show the x 5 and cos 5 * distributions of the four-jet events predicted by the exact tree-level QCD calculations ͑full QCD͒ and by the QCD calculations of the three subprocesses. The full QCD is normalized to unit area and the subprocesses are normalized to the fractional contribution to their respective total cross section. The data distributions are normalized to the respective QCD distributions. The distributions of the subprocesses are remarkably similar and agree well with the data. The six-quark subprocess contributes less than 1% of the total cross section of the four-jet events and therefore is not shown in Figs. 13͑c͒ and 13͑d͒ . Nevertheless, the normalized distributions are very similar to those of the other three subprocesses. The similarity of the subprocesses is observed in all other variables of the three-and four-jet events investigated in this paper. This suggests that the distributions are insensitive to the relative contributions of these subprocesses to the total cross section and therefore have weak dependences on the quark-gluon content in parton distribution functions. Furthermore, Rutherford characteristics are visible in cos* distributions for all subprocesses, implying that the matrix ele- 11 . Distributions of scaled jet pair mass for the four-jet events in their center-of-mass system. The statistical and total errors are represented by the inner and outer error bars, respectively. The data are also listed in Table VII. ments of these subprocesses are dominated by the t-channel exchange.
COMPARISON WITH PARTON-SHOWER EVENT GENERATORS
As discussed above, the measured topological distributions of three-and four-jet events are reproduced well by the exact tree-level QCD calculations. However, in many investigations, parton-shower Monte Carlo event generators are used to model multijet production. Therefore, it is interesting to compare the data distributions with those predicted by parton-shower event generators.
As an example, the x 3 and cos 3 * distributions of three-jet events and 34 and 56 distributions of four-jet events are shown in Fig. 14 for the data and for the HERWIG 5.8, ISAJET The Monte Carlo distributions are calculated using parton jets which are formed by quarks and gluons after parton showering and before hadronization. The parton jets are initially reconstructed using a cone jet algorithm implemented in the PYTHIA program ͓21͔. Then the jet direction is redefined using a D0 jet direction definition discussed above. Although the parton-shower generators describe the general structures of these variables well, differences in details are clearly visible. The largest difference is seen in the cos 3 * distribution.
All three parton-shower event generators show excessive contributions in the forward region.
To generate three-and four-jet events using the partonshower generators, one has to start with 2→2 processes with a p T cut and select events with hard gluon radiation. We note that a large fraction of the Monte Carlo events in the forward region which pass the 60 GeV leading jet E T requirement have a 2→2 process with p T Ͻ50 GeV/c. Presumably the leading jets of the these events are from hard initial-state radiation. This observation suggests that the initial-state radiation is not well modeled by these parton-shower generators in the phase-space region studied in this paper.
Although only four topological distributions are shown here, we have compared all other variables investigated in this paper. Apart from the cos* distributions, the HERWIG event generator provides a reasonably good description of the data while the differences between the data and the predictions of ISAJET and PYTHIA event generators are large in many distributions. Overall, the HERWIG event generator describes the data better than the ISAJET and the PYTHIA do.
SUMMARY
From the data sample recorded by the D0 detector in pp collisions at ͱsϭ1800 GeV at the Tevatron during the 1992-1993 running period, high-statistics three-jet and fourjet event samples have been selected. A large number of distributions characterizing the global structures of the inclusive three-and four-jet events have been compared with QCD calculations of the exact tree-level matrix elements and with calculations of QCD subprocesses involving different numbers of quarks. This paper extends earlier studies to previously untested regions of phase space for a large number of topological variables. All comparisons have been made with the parton-level distributions and based on normalized distributions rather than cross sections.
For the three-jet events, the investigated topological variables are the energy fractions carried by the two leading jets, the cosine of the leading jet polar angle, the angle between the plane containing the leading jet and the beam line, the plane containing the two nonleading jets, and the scaled invariant masses of the jet pairs. In the case of the four-jet events, the energy fractions and the cosines of the polar angles of all four jets, the six opening angles, scaled invariant masses of jet pairs, and the angles between jet planes have been studied.
Studies show that the measured topological distributions of the three-and four-jet events are well reproduced by the exact tree-level matrix elements QCD calculations. The good agreement implies that the topological distributions of the three-and four-jet events are consistent with the tree-level diagrams and therefore the topological distributions are not very sensitive to higher-order corrections. Furthermore, the distributions are found to be insensitive to the uncertainties in parton distribution functions and to the quark-gluon flavor of the underlying partons. The dominance of the t-channel gluon exchange to a large extent determines the structure of the event. The differences between the data and the phase-2 All parton-shower events are generated with a p T ϭ10 GeV/c cutoff for the initial 2→2 hard scattering, using their default parameters.
FIG. 12. The distribution of the angle between the planes of ͑a͒ the two leading jets and the two nonleading jets and ͑b͒ the momentum vector differences of the two leading jets and the two nonleading jets, for four-jet events in their center-of-mass system. The statistical and total errors are represented by the inner and outer error bars, respectively. The data are also listed in Table VIII. FIG. 13. The ͑a͒ x 4 and ͑b͒ cos 4 * distributions for three-jet events and the ͑c͒ x 5 and ͑d͒ cos 5 * distributions for four-jet events in their center-of-mass system. The QCD subprocesses are normalized to their fractional contributions to the respective total cross section for the selection criteria described in the text. The data are scaled to the normalization of the respective subprocess of the QCD calculation. Therefore, only the shapes of the subprocesses are compared. The error bars on the data include both statistical and systematic errors.
FIG. 14. Comparisons between the data, exact tree-level QCD calculations, and HERWIG, ISAJET, and PYTHIA Monte Carlo predictions. Shown are ͑a͒ the scaled energy of the leading jet and ͑b͒ the cosine of the leading jet for three-jet events, and the scaled invariant mass distributions of ͑c͒ the two leading jets and ͑d͒ the two nonleading jets for four-jet events. The error bars on the data include both statistical and systematic errors.
space model are large for most of the distributions. Finally, we note that apart from the cos* distributions, the HERWIG 5.8 event generator provides a good description of the measured distributions while the differences between the data and the predictions of the ISAJET 7.13 and the PYTHIA 5.6 event generators are relatively large in many distributions.
